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CURVES OF CONSTANT BREADTH ACCORDING TO TYPE-2
BISHOP FRAME IN FE3

HULYA GUN BOZOK, SEZIN AYKURT SEPET, AND MAHMUT ERGUT

ABSTRACT. In this paper, we study the curves of constant breadth according
to type-2 Bishop frame in the 3-dimensional Euclidean Space E3. Moreover
some characterizations of these curves are obtained.

1. INTRODUCTION

In 1780, L. Euler studied curves of constant breadth in the plane [3]. Thereafter,
this issue investigated by many geometers [2, 4, 12]. Constant breadth curves
are an important subject for engineering sciences, especially, in cam designs [17].
M. Fujiwara introduced constant breadth for space curves and surfaces [4]. D.
J. Struik published some important publications on this subject [16]. O. Kose
expressed some characterizations for space curves of constant breadth in Euclidean
3-space[10] and M. Sezer researched space curves of constant breadth and obtained
a criterion for these curves [15]. A. Magden and O. Kose obtained constant breadth
curves in Euclidean 4-space [11]. Characterizations for spacelike curves of constant
breadth in Minkowski 4-space were given by M. Kazaz et al. [9]. S. Yilmaz and
M. Turgut studied partially null curves of constant breadth in semi-Riemannian
space [18]. The properties of these curves in 3-dimensional Galilean space were
given by D. W. Yoon [20]. H. Gun Bozok and H. Oztekin investigated an explicit
characterization of mentioned curves according to Bishop frame in 3-dimensional
Euclidean space [5]. The curve of constant breadth on the sphere studied by W.
Blaschke [2]. Furthermore, the method related to the curves of constant breadth
for the kinematics of machinery was given by F. Reuleaux [14].

L. R. Bishop defined Bishop frame, which is known alternative or parallel frame
of the curves with the help of parallel vector fields [1]. Then, S. Yilmaz and M.
Turgut examined a new version of the Bishop frame which is called type-2 Bishop
frame [19]. Thereafter, E. Ozyilmaz studied classical differential geometry of curves
according to type-2 Bishop trihedra [13].
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In this paper, we used the theory of the curves with respect to type-2 Bishop
frame. Then, we gave some characterizations for curves of constant breadth ac-
cording to type-2 Bishop frame.

2. PRELIMINARIES

The standard flat metric of 3-dimensional Euclidean space E? is given by
(,):da? + da + da? (2.1)

where (21, 9, 73) is a rectangular coordinate system of E3. For an arbitrary vector
x in E3, the norm of this vector is defined by ||z|| = \/(z,z). « is called a unit
speed curve, if (o/,a’) = 1. Suppose that {t,n,b} is the moving Frenet—Serret
frame along the curve a in E3. For the curve a, the Frenet-Serret formulae can be
given as

= Kn
n = —kt+7b (2.2)
vV = —mn
where
(t,t) = (n,n) = (b,b) =1,
<ﬁ,TL> - <t7b> - <7’L, > =
and here, k = k(s) = ||t/ (s)|| and 7 = 7 (s) = — (n,V’). Furthermore, the torsion
of the curve « can be given
[O[/ a// a///}
T=—1—
2

Along the paper, we assume that x # 0 and 7 # 0.

Bishop frame is an alternative approachment to define a moving frame. Assume
that a(s) is a unit speed regular curve in E3. The type-2 Bishop frame of the a(s)
is expressed as [19]

N/ = —kB,
N, = —kyB, (2.3)
B/ = ]{ZlN1+k2N2.

The relation matrix may be expressed as
sinf (s) —cosf(s)

t 0
n = | cosf(s) sinf(s) O Ny . (2.4)
b 0 0 1
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where 6 (s fo ds. Then, type-2 Bishop curvatures can be defined in the
followmg

ki (s) = —7(s)cosb(s),
ks (s) = —7(s)sinf (s).

!
(@
k1
—_—.
- (8)

The frame {N;, Ny, B} is properly oriented, 7 and 6 (s fo s)ds are polar
coordinates for the curve a . Then, {N7, No, B} is called type-2 BlShOp trihedra
and k1, ko are called Bishop curvatures.

The characterizations of inclined curves in E™ is given [7] and [8] as follows

On the other hand,

9/:}{/:

Theorem 1. « is an inclined curve in E™ & Y07 2H2 = const and o is an
inclined curve in E"~! < det (Vl , V2,..., Vn) =0.

Theorem 2. Let M C E® is a curve given by (I, ) chart. Then M is an inclined

curve if and only if H (s) = :;23 is constant for all s € I.

3. CURVES OF CONSTANT BREADTH ACCORDING TO TYPE-2 BISHOP FRAME IN
ES

Let X = X (s) be a simple closed curve in E3. These curves will be denoted by

(C). The normal plane at every point P on the curve meets the curve at a single

point @ other than P. The point @ is called the opposite point of P. Considering
a curve « which have parallel tangents T and T* in opposite points X and X* of

the curve as in [4]. A simple closed curve of constant breadth which have parallel
tangents in opposite directions can be introduced by
X" (s) =X (s)+m1(s) Ny + mz(s) No +mg (s) B (3.1)

where X and X* are opposite points and N1, N, B denote the type-2 Bishop frame
in E3 space. If IV, is taken instead of tangent vector and differentiating equation
(3.1) we have

X* X* * *
dXT _ dX7dst _ adst (1+dml+m3k1>N

ds ds* ds Lds ds
d
+ (312 + m3k2> Ny (3:2)
+ (dm} — m1k1 m2k2> B
ds
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where k1 and ko are the first and the second curvatures of the curve, respectively
[6]. Since Nf = —Njp, we obtain

ds*  dmy
—_— k 1 =
ds + ds +maki 0,
dmg
— ke = 0, 3.3
ds + maliy (3.3)
d
ﬂ — m1k1 - mgkg = 0.
ds

Suppose that ¢ is the angle between the tangent of the curve (C) at point X (s)

d
with a given fixed direction and d—¢ = ki, then the equation (3.3) can be written
s
as

dm1
w = —m3—f(9),
dm2
=  —pkoms: 4
dé Pr2mMms3, (3-4)
dm
T; = mq + pkamy,
where f(¢) =p+p*, p= W and p* = = denote the radius of curvatures at X
1

and X*, respectively. If we consider equation (3.4), we get

kl " kl ' " kl k'2 / kl '
k2m1 + oy my + k2+k:1 my + oo mi

k k) k
S)F@ () f@ () f@=0 (35
ko ko k1
This equation is a characterization for X*. If the distance between the opposite
points of (C) and (C*) is constant, then

[X* = X[|P=m2+m2+m2=1 leR

Hence, we write

dm, dmsa dms
m17d¢ +m27d¢ +m37d¢ =0 (3.6)
By considering system (3.4), we obtain
dm
mq (CM; + m3> =0. (37)
dm1

Thus we can write m; = 0 or = —mg. Then, we consider these situations

de

with some subcases.



210 HULYA GUN BOZOK, SEZIN AYKURT SEPET, AND MAHMUT ERGUT

d
Case 1. If % = —mg, then f(¢) = 0. So, (C*) is translated by the constant

vector
u = m1N1 + m2N2 + mgB (38)

of (C). Here, let us solve the equation (3.5), in some special cases.

Case 1.1 Let X be an inclined curve. Then the equation (3.5) can be written

as follows,
d3m1 k% dm1
- 1+—= ) —=0. .
i + ( + k:%) o 0 (3.9)

The general solution of this equation is

k2 k2
mip =cy +cgcosq/1l+ k—g(b 4 cgsing/1+ k%¢ (3.10)
\ 1 1

And therefore, we have my and mg, respectively,
ko k3 ko . k3
My = o <02 cosq/1+ k—%qb + ™ cgsing /14 k—%(i) (3.11)

k2 k2 k2 k2
cg\/1+k§sin\/1+kg¢03\/1+k§cos\/1+k§¢ (3.12)
1 1 1 1

where ¢; and ¢ are real numbers.

ms

Corollary 1. Position vector of X* can be formed by the equations (3.10),
(3.11) and (3.12). Also the curvature of X* is obtained as

kf = —k. (3.13)

Case 2. my; = 0. Then, considering equation (3.5) we get

(’,:;) F@) + (Z;)f (@) + (Zj) F(#)=0 (3.14)

Case 2.1 Suppose that X is an inclined curve. The equation (3.14) can be rewrite
as

Fo) + (Zj) f(6)=0. (3.15)

So, the solution of above differential equation is

f(9) =1L cos@(bJrLg sin @qb (3.16)
k1 k1
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where L1 and Lo are real numbers. Using above equation we obtain

k k
moe = Ljsin —zqﬁ— L5 cos —2¢) (3.17)
k1 k1
k k
m3g = —Ljcos —2¢—L28in—2¢: —p—pF (3.18)
kq k1
And therefore the curvature of X* is obtained as
1
ki = 3.19
! Llcos%qb—i—Lgsin%qb—k% ( )
And distance between the opposite points of (C) and (C*) is
| X — X*|| = L? + L3 = const. (3.20)

=
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