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The crit i cal ity prob lem for one-speed neu trons in a slab is in ves ti gated us ing Chebyshev poly -
no mi als of first kind in the se ries ex pan sion of the neu tron an gu lar flux in sta tion ary neu tron
trans port equa tion. The me dium is as sumed to let the neu trons to scat ter anisotropically and
to be sur rounded by a re flec tor. The crit i cal thick nesses for the neu trons in a uni form fi nite
slab are com puted for se lected val ues of the re flec tion co ef fi cient and the ani so tropy pa ram e -
ter and they are given in the ta bles. The nu mer i cal re sults ob tained from the pres ent method
are in good ac cor dance with the re sults al ready ex isted in lit er a ture.
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IN TRO DUC TION

It is im por tant to de velop a method to solve the
neu tron trans port equa tion which de scribes the be hav -
ior and the con ser va tion of the neu trons. These de -
scrip tions are very im por tant to op er ate a nu clear sys -
tem safely. Spher i cal har mon ics or com monly known
as the PN method is one of the most ef fec tive and pre -
ferred meth ods es tab lished for the so lu tion of the
trans port equa tion. In this method, the neu tron an gu lar 
flux is ex panded in terms of the Legendre poly no mi -
als. How ever, it is not the unique and valid one for the
so lu tions of the prob lems in neu tron trans port the ory.
Fur ther more, in suf fi cien cies of the PN method are re -
ported in some prob lems like Milne prob lem and
anisotropic scat ter ing cases [1, 2]. There fore, in some
ear lier  stud ies, other than the Legendre poly no mi als,
the neu tron an gu lar flux was ex panded in terms of the
Chebyshev poly no mi als of the first kind (TN method)
for the crit i cal ity and the ex trap o lated end point cal cu -
la tions in neu tron trans port the ory [1-3]. In some re -
cent stud ies, TN method has been suc cess fully ap plied
to trans port equa tion for the crit i cal thick ness of the
bare and re flected slabs [4, 5]. In ad di tion, in or der to
de velop new tech niques with pa ram e ters that are
better rep re sent ing the real sys tem for the so lu tion of
the trans port equa tion, the TN method is re vised and
ap plied to crit i cal ity prob lem in trans port the ory suc -

cess fully [6-8]. In those stud ies, nu mer i cal re sults ob -
tained by the re vised TN method for the crit i cal size of
the sys tem, were given with the re sults that ex isted in
lit er a ture. Since a good ac cor dance be tween them is
ob served, it can be worth while to use this re vised
method for the so lu tion of the trans port equa tion. It is
thought that this method can be ap plied to other prob -
lems in sci ence and en gi neer ing by the re search ers in -
ter ested in this sub ject [7, 9].

Since the neu trons mi grate anisotropically in
real re ac tor sys tems, an ex tended knowl edge about the 
scat ter ing of them through the me dia should be taken
into con sid er ation to at tain the so lu tion of the trans port 
equa tion prop erly. In other words, anisotropic scat ter -
ing is an im por tant phe nom e non in the so lu tion al go -
rithm of the trans port equa tion. More over, re flec tors
used to re flect the neu trons which are pref er a bly made
from fer tile or heavy ma te ri als, tend to es cape from the 
sys tem back through the core of the re ac tors. By this
way, the neu tron pop u la tion of the sys tem can be con -
served to con tinue the fis sion chain re ac tion. There -
fore in this study, a mod i fied ver sion of the TN method
is used for the so lu tion of the crit i cal ity prob lem in
one-speed and one-di men sional neu tron trans port the -
ory, us ing re flec tive bound ary con di tion to gether with
the Marshak bound ary con di tion [4, 7, 8].

In this method, first, the neu tron an gu lar flux is
ex panded in terms of the Chebyshev poly no mi als of
first kind, as pre vi ously used in the stud ies [6-8]. Then, 
the flux mo ment equa tions are ob tained by the pro ce -
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dure of the method to cal cu late the eigenvalues. The
crit i cal thick nesses of the slab for one-speed neu trons
are com puted for se lected val ues of the mean num ber
of sec ond ary neu trons per col li sion c, and the re flec -
tion co ef fi cient R.

The nu mer i cal re sults for the crit i cal thick ness of
the slab are given in the ta bles to gether with the re sults
ob tained by the con ven tional PN method, and the ones
ob tained by Atalay us ing Case's sin gu lar eigenfunctions
method [10]. It can eas ily be seen from the der i va tions of
the equa tions and the re sults in the ta bles that this method
has prac ti cal ex e cut able equa tions with its rapid con ver -
gence. There fore, the pres ent method can be thought as
an al ter na tive method for the so lu tion of the prob lems
which are solved in ef fi ciently by the con ven tional PN

method in the trans port the ory.

THE ORY AND EQUA TIONS

The sta tion ary trans port equa tion for one-speed
neu trons trav el ling in di rec tion W¢ be fore and W af ter a
scat ter ing col li sion and no ex ter nal neu tron sources
can be writ ten as,
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where y(r, W) is the an gu lar flux of the neu trons at po -
si tion r, f ( )WW¢   – the scat ter ing func tion which de -
scribes the in ter ac tion of the neu trons with fuel and
other ma te rial at oms in side the sys tem, and sT – the to -
tal mac ro scopic cross-sec tion [11].

For 1-D case, the trans port equa tion with lin ear
anisotropic scat ter ing for one-speed neu trons can be
writ ten
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with free space bound ary and sym me try con di tions

y m( , )a = 0 (3a)

y m y m m( , ) ( , ),x x= - - > 0 (3b)

Here, the slab is thought to be fi nite, ho mo ge -
neous   with  a  thick ness of  2a ex tend ing from x =  –a
to  x = a  in  units  of  mean  free  path.  Be sides,  it  is  sur -
rounded  by  iden ti cal  re flec tors  from  both  sides. 
y(x, m) is the an gu lar flux of the neu trons at po si tion x
trav el ling in di rec tion m – co sine of the an gle be tween
the neu tron ve loc ity vec tor and the pos i tive x-axis, as
can be ex pected. b1 is the av er age co sine of the scat ter -
ing an gle, b1 1 3 12£ / [ ].

By fol low ing the stud ies pre vi ously car ried out
by the au thors [6-8], the neu tron an gu lar flux is ex -
panded as

y m d m

m

( , ) ( ) ( ) ( ),

,

,x x T

a x a
n

N

= -

- £ £ - £ £
=
å

1
2

1 1

0
0p

n n nF

(4)

where Tn(m) is the nth or der Chebyshev poly no mi als of
first kind rep re sent ing the an gu lar part of the neu tron
an gu lar flux and Fn(x) – the mo ments of an gu lar flux.
When eq. (4) is sub sti tuted into eq. (1) us ing the
orthogonality and re cur rence re la tions of the
Chebyshev poly no mi als of first kind, re spec tively [13]
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One can ob tain the TN mo ments of the an gu lar
flux
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and in gen eral,
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The so lu tions for eq. (7) are es tab lished in the
form [11]
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In or der to ob tain a sys tem of equa tions for the
eigenvalues, one should re place eq. (8) in eq. (7) to get
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where G–1(n) = 0 and G0(n) = 1 are taken so and by fol -
low ing the same pro ce dure as in PN ap prox i ma tion
[14], the dis crete and con tin uum eigenvalues can be
ob tained by set ting GN + 1(n) = 0 in eqs. (9) for the Nth

or der ap prox i ma tion of the pres ent method. In par tic u -
lar, for low or der ap prox i ma tions, eqs. (9) can be car -
ried out man u ally and an a lytic ex pres sions for the
eigenvalues can be found and they can be cal cu lated
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for var i ous val ues of c and b1. How ever, for higher or -
der ap prox i ma tions, since the num ber equa tions in -
creases, it be comes dif fi cult to get eigenvalues from
eqs. (9). There fore, a ma trix no ta tion can be pre ferred
to cal cu late the eigenvalues for higher or der ap prox i -
ma tions and so eqs. (9) can be writ ten in a ma trix form

[ ( )] ( )M G 0n n = (10)

where M(n) is the (N + 1) ́  (N + 1) co ef fi cient ma trix and
G(n) is a col umn ma trix, G(n) = [G0(n),.G1(n),…GN(n)]T.
The ma trix equa tion given in eq. (10) rep re sents a sys tem
of lin ear ho mo ge neous equa tions. Since set ting G(n) = 0
gives  an  un de sired  triv ial  so lu tion,  for  a  non-triv ial so -
lu tion  for  the  dis crete  eigenvalues,  the  de ter mi nant of
the  co ef fi cient   ma trix   should   be   equal   to  zero,  i.  e.,
det [M(n)] = 0.

The dis crete eigenvalues are com puted us ing se -
lected or ders of TN ap prox i ma tion from eq. (10) for
var i ous val ues of c and b1. Since an eigenfunction cor -
re sponds to each nk eigenvalues, a lin ear com bi na tion
of the eigenfunctions should also be a gen eral so lu tion
for the flux mo ments for odd num bers of N
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The lin ear com bi na tion con stants lk's can be de -
ter mined from the phys i cal bound ary of the sys tem,
and the par ity re la tion of Gn(–n) = (–1)nGn(n) is used.
How ever, in this prob lem there is no need to cal cu late
the lk's, since they are dis ap peared in the crit i cal ity
con di tion. There fore, when the flux mo ments given in
eq. (11) are re placed in eq. (4), one can ob tain the gen -
eral so lu tion for the trans port equa tion (eq. (1))
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BOUND ARY AND CRIT I CAL ITY CON DI TIONS

In one of the stud ies about the in abil i ties of the
PN method in some cir cum stances, it is stated that the
PN ap prox i ma tion in slab ge om e tries is a rather poor
rep re sen ta tion of the an gu lar flux near ma te rial bound -
aries [15]. Ex pe ri ence in di cates that the Marshak
bound ary con di tions are some what more ac cu rate than 
the Mark con di tions, at least for small N [14]. There -
fore in this study, the Marshak bound ary con di tion

which is based on the con di tion of zero in com ing cur -
rent at the vac uum bound ary is pre ferred to use for the
cal cu la tion of the crit i cal size of the slab sur rounded
by iden ti cal re flec tors from both sides. It is there fore
for TN ap prox i ma tion [14]
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The crit i cal ity equa tion can be ob tained by us ing eq.
(12) in eq. (13) with the par ity re la tion of the Chebyshev
poly no mi als of first kind; Tk(m) = (–1)kTk(–m)
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and
j (k, n) = [k sin(kp/2)cos(np/2) + nsin(np/2)cos(kp/2)]×
              ×(n2 - k2 – 1)

A sim i lar ma trix rep re sen ta tion can be car ried
out for the crit i cal ity equa tion as for the cal cu la tion of
the eigenvalues given in eqs. (9). Thus, eq. (14) can
also be writ ten in the ma trix form as,
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where Mn
k a( ) is the co ef fi cient ma trix in clud ing the

pa ram e ters of the crit i cal half-thick ness a, eigenvalues  
nk,   and   col li sion   and   scat ter ing   pa ram e ters   with 
(N + 1)/2 ́  (N + 1)/2 el e ments, Lk is the col umn vec tor
with el e ments of lin ear com bi na tion con stants [l1, l2,
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..., l(N + 1)/2 ]
T and 0 is a null vec tor. By fol low ing the

same pro ce dure as in eq. (10), a non-triv ial so lu tion of
eq. (19) can be found by equat ing the de ter mi nant of
the co ef fi cient ma trix to zero, i. e. det [ ( )]Mn

k a = 0. For
in stance, for T1 ap prox i ma tion, an an a lytic ex pres sion
for the crit i cal half-thick ness of the re flected slab can
eas ily be ob tained by set ting N = 1 in eq. (14) or eq.
(19)
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NU MER I CAL  RE SULTS

The re flected crit i cal slab prob lem for one-speed 
neu trons in an uni form fi nite slab of thick ness 2a is
stud ied in the case of lin ear anisotropic scat ter ing.
Mod i fied TN method, pre vi ously car ried out by the au -
thors [6-8], is used for the so lu tion of the prob lem us -
ing Marshak bound ary con di tions for var i ous val ues
of c, b1, and R. Dur ing the cal cu la tions, the to tal mac -
ro scopic cross-sec tion is as sumed to be its nor mal ized
value, i. e. sT = 1 cm–1 and all the nu mer i cal re sults for
both eigenvalues and crit i cal thick nesses are per -
formed us ing Ma ple soft ware.

In the method, first the neu tron an gu lar flux is
ex panded in a se ries the Chebyshev poly no mi als of
first kind as in pre vi ous works [6-8] and then TN mo -
ments  of  the  flux  are  ob tained.  Af ter a rea son able
so lu tion is pre sented for the sca lar neu tron flux in eq.
(8), the  dis crete  eigenvalues  are  com puted  by  set ting 
GN + 1(n) = 0 in eqs. (9) or eq. (10) for var i ous val ues of
c and b1. Fi nally, the crit i cal thick nesses of the slab are
com puted by us ing the crit i cal ity equa tion given in eq.
(14) or the ma trix equa tion in eq. (19). The cal cu la -
tions are main tained up to the or der of T9 ap prox i ma -
tion which is re ported as to be ef fi cient in the case of
us ing Marshak bound ary con di tions [14].

The crit i cal thick nesses for one-speed neu trons
are cal cu lated us ing the pres ent TN method for typ i cal
val ues of the cross-sec tion pa ram e ter c, from 1.01 to
2.00, ani so tropy pa ram e ter b1, from –0.3 to 0.3 and the
re flec tion co ef fi cient R, from 0.00 to 0.99. More over,
the re sults ob tained from the pres ent method are tab u -
lated in the ta bles to gether with the re sults ob tained
from the tra di tional PN method and the ones from lit er -
a tures for com par i son. While the ex act re sults pre -
sented in lit er a ture are quoted from Lee-Dias and
Aranson [15, 16], the other re sults are from the study
of Atalay [10].

The crit i cal thick nesses for one-speed neu trons
in a bare slab (R = 0.00) cal cu lated by the pres ent TN

method are given in tab. 1 for var i ous val ues of the
cross-sec tion and ani so tropy pa ram e ters. In this ta ble,
the re sults ob tained by the pres ent method, as well as
the re sults ob tained for the iso tro pic scat ter ing quoted

from refs. [15, 16], by Case's sin gu lar eigenfunction
method quoted from Atalay [10] and by the tra di tional
PN method, are given. There fore, a com pre hen sive
com par i son can be done be tween the re sults ob tained
from the pres ent TN method and the re sults that al ready 
ex ist in lit er a ture. In ad di tion, from the first ta ble
through the last one, one can eas ily re al ize the ef fec -
tive ness of the method used in this study by ob serv ing
the good ac cor dance be tween the re sults. Mean while,
the crit i cal thick nesses for one-speed neu trons in a re -
flected slab are cal cu lated for the same cross-sec tion
and ani so tropy pa ram e ters with the re flec tion co ef fi -
cients R chang ing from 0.25 to 0.99. Those re sults are
also given in tabs. 2, 3, and 4.

It is stated, in The ory and equa tions part of this
study, that the trans port equa tion is es tab lished un der
con sid er ation of a sys tem with out a source and thus, the
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Ta ble  1.  The  crit i cal  slab  thick nesses  as cal cu lated by
T9 ap prox i ma tion, com pared with P9 and lit er a ture
(R = 0.00)

b1
c

1.01 1.10 1.20 1.40 2.00

T 
9

–0.3 14.74922 3.81288 2.35148 1.36304 0.59485

0.0 16.66256 4.23008 2.58228 1.47717 0.63120

0.1 17.49315 4.40628 2.67813 1.52347 0.64532

0.2 18.46632 4.60899 2.78720 1.57533 0.66071

0.3 19.62842 4.84592 2.91302 1.63408 0.67758

P9

–0.3 14.74778 3.81156 2.35024 1.36166 0.59212

0.0 16.66068 4.22842 2.58076 1.47566 0.62836

0.1 17.49194 4.40446 2.67648 1.52186 0.64242

0.2 18.46487 4.60697 2.78538 1.57364 0.65775

0.3 19.62568 4.84364 2.91098 1.63226 0.67458

Atalay
[10]

0.0 16.65904 4.22674 2.57968 1.47688 0.63258

0.1 17.48930 4.40260 2.67530 1.52390 0.65236

0.2 18.46196 4.60486 2.78406 1.57676 0.67816

0.3 19.62374 4.84124 2.90948 1.63694 0.71692

Exact
[14, 15] 0.0 16.65902 4.22662 2.57876 1.47320 0.62206

Ta ble  2. The  crit i cal  slab  thick nesses  as  cal cu lated by
T9  ap prox i ma tion,  com pared  with  P9  and  lit er a ture
(R = 0.25)

b1
c

1.01 1.10 1.20 1.40 2.00

T9

–0.3 14.06923 3.26999 1.90829 1.04070 0.42121

0.0 15.78167 3.54555 2.03603 1.09221 0.43402

0.1 16.51606 3.65646 2.08574 1.11154 0.43864

0.2 17.36948 3.78005 2.13996 1.13218 0.44344

0.3 18.37830 3.91906 2.26063 1.15427 0.44846

P9

–0.3 14.06644 3.26784 1.90648 1.03890 0.41866

0.0 15.77810 3.54294 2.03392 1.09030 0.43140

0.1 16.51268 3.65364 2.08352 1.10958 0.43596

0.2 17.36563 3.77698 2.13759 1.13016 0.44073

0.3 18.37350 3.91570 2.19692 1.15220 0.44570

Atalay
[10]

0.0 15.74156 3.51332 2.01042 1.07260 0.42806

0.1 16.47158 3.62050 2.05682 1.09348 0.43550

0.2 17.31947 3.73955 2.10703 1.11182 0.44589

0.3 18.32168 3.87306 2.16166 1.13110 0.46330



num ber of neu trons prop a gated in the sys tem is as -
sumed to be con served. Since then, it is seen from the
nu mer i cal re sults given in the ta bles, the crit i cal thick -
ness of the slab de creases with in creas ing val ues of the
re flec tion co ef fi cient and it ap proaches to zero when the 
re flec tion co ef fi cient goes to unity, as ex pected. This
man ner can be ex plained phys i cally that the dis tri bu tion 
of the neu trons in the sys tem is said to be com pletely
dense in the nor mal plane, x = 0. An other point ob -
served in the ta bles is that the crit i cal thick ness of the
slab de creases when the cross-sec tion pa ram e ter c in -
creases. It can also be said that the crit i cal thick ness ap -
proaches to zero with in creas ing val ues of the
cross-sec tion and ani so tropy pa ram e ters to gether with
the in creas ing val ues of the re flec tion co ef fi cient, as ex -
pected. This zero value of the crit i cal thick ness is not
achieved in this study but, it can be as serted that it is
pos si ble if the or der of the ap prox i ma tion is in creased to 

N > 9. How ever, the crit i cal thick ness of the slab in -
creases with the in creas ing val ues of the ani so tropy
pa ram e ter b1 rang ing from –0.3 to +0.3 for all val ues of
the cross-sec tion pa ram e ter c. In other words, the crit i -
cal size of a sys tem with re flec tors, where the neu trons
are thought to scat ter anisotropically, rep re sents the
monotonic be hav ior.

An other im por tant point that will come from the
ta bles is that the nu mer i cal re sults for the crit i cal thick -
ness, ob tained from the pres ent method, are seen to be
ap prox i mately the same with the ones ob tained from
PN method and the ex act ones. This con fir ma tion is ex -
pected since both the Legendre and Chebyshev poly -
no mi als take place in the same fam ily, i. e. Jacobi poly -
no mi als. There fore, as claimed in the In tro duc tion, the
TN method is an al ter na tive to tra di tional PN method,
with their very sim i lar re sults given in the ta bles.

CON CLU SION

In this study, a mod i fied ver sion of the TN

method, pre vi ously ap plied by the au thors [6-8] in the
so lu tion al go rithm of the trans port equa tion, is used
for the re flected crit i cal slab prob lem with lin ear
anisotropic scat ter ing. As in their stud ies, the nu mer i -
cal re sults ob tained by the pres ent method are in good
ac cor dance with the ones al ready pre sented in lit er a -
ture. This is ex pected since the Chebyshev and
Legendre poly no mi als are the mem bers of the same
fam ily, i. e. Jacobi poly no mi als. Since the re sults tab u -
lated in com par i son with the lit er a ture val ues in di cate
the ap pli ca bil ity and the ef fec tive ness of the pres ent
method, one can eas ily con clude that an al ter na tive
tech nique is de rived and it can be a source of in spi ra -
tion for the re search ers to solve or com plete other
prob lems in sci ence and en gi neer ing.
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Hakan OZTURK

UTICAJ  LINEARNO  ANIZOTROPNOG  RASEJAWA
MONOENERGETSKIH NEUTRONA  NA  KRITI^NOST  PLO^E  SA

REFLEKTIVNIM  GRANI^NIM  USLOVIMA

Kori{}ewem razvoja neutronskog ugaonog fluksa u ^ebi{evqeve polinome prve vrste,
istra`ena je kriti~nost plo~e pomo}u vremenski nezavisne monoenergetske transportne
jedna~ine. Pretpostavqeno je da je medijum okru`en reflektorom i da se neutroni rasejavaju
anizotropno. Kriti~ne debqine uniformne ograni~ene plo~e, izra~unate za odabrane vrednosti
koeficijenta refleksije i parametra anizotropije, prikazane su tabelarno. Numeri~ki
rezultati dobijeni prikazanom metodom dobro se sla`u sa podacima navedenim u literaturi.

Kqu~ne re~i: linearno anizotropno rasejawe, ^ebi{evqev polinom, kriti~na plo~a,
..........................refleksivni grani~ni uslov


